Introduction
of the complexity of the involved models, it is very difficult to extract and understand the 48 essential interaction mechanisms from the equations. For this purpose it is usually beneficial 49 to study reduced models that describe only a certain subset of effects considered to be important 50 while neglecting others. Because of the reduced complexity of the equations, such models are 51 often much more accessible to mathematical analysis and can provide valuable insight into 52 the essential dynamics of the studied subject. Approaches to study the interaction between 53 gravity waves and moisture that feature simplified models can be found, for example, in 54 EINAUDI and LALAS (1973) , who introduce a model for gravity wave propagation in a saturated 55 atmosphere, or in BARCILON et al. (1979, 1980) ; JUSEM and BARCILON (1985) , who utilize 56 indicate terms of a specific order in the employed expansion, for example u (0) is the order unity 78 term in the expansion of horizontal velocity.
79
The prognostic variables in the final model are the horizontal velocity u (0) , the wave-scale 80 vertical velocityw (0) , the wave-scale potential temperatureθ, the function π = p z is the moist-adiabatic background stratification.
85
Linearized anelastic moist dynamics:
τ + π z =θ 
z reduced by a factor of (1−σ). Further, the net wave-scale dynamics 93 result in a source term on the right hand side of (1.1) 3 related to release and consumption of latent 94 heat. Note that becausew (0) appears on the right hand side of (1.2) 2 and (1.2) 4 there exists a bi-directional coupling between wave-and tower-scale.
96
If Ψ ≡ 0, it follows from (1.2) 2 that σ = const and (1.1), ( combined with the bulk model for warm micro-physics (2.1) adopted from GRABOWSKI (1998).
107
Collecting all leading order equations then results in a set of equations, which finally require 108 some form of closure in order to obtain a closed set of equations.
Here, q v , q c and q r denote the nondimensional mixing ratios of vapor, cloud water, and rain
111
water while C d , C ev , C ac , C cr represent the conversion between these species by conden-112 sation/evaporation of cloud water/vapor, evaporation of rain water, auto conversion of cloud 113 droplets into rain, and collection of cloud water by falling rain. V T is the terminal velocity 114 of rain droplets. 
Scales and Expansions

116
The derivation features a horizontal and vertical lengthscale of 10 km respectively, corresponding to the regime of non-rotating, non-hydrostatic internal waves, cf. Horizontal: 10 km, 1 km -
The order of magnitude of vertical displacements resulting from (2.2) 3 and a reference velocity of 10 m s −1 is 1 km. Thus the nondimensional vertical displacement ξ is of the order
Hence, as q vs,z = O(1), the amount δq of released or consumed condensate by vertical displacements is also of the order
The saturation deficit is defined as the difference between the saturation mixing ratio q vs and the mixing ratio of water vapor
In a regime with a saturation deficit δq of order unity, condensation or evaporation of O(ε) amounts of vapor or cloud water cannot exert a leading order effect on the size of saturated regions, see the upper illustration in figure 1. This regime is investigated in RUPRECHT et al.
(2010). There, the saturated area fraction σ is constant over time and acts as a wave-modulating background. In the present paper, a systematically small saturation deficit is assumed, that is the vapor mixing ratio q v is expanded as
whereas q
vs is the leading order term of the saturation mixing ratio. From (2.6) it follows that the saturation deficit is of the order 
The dynamical quantities are expanded as described in RUPRECHT et al. for a summary. Note that the horizontal velocity is assumed to be independent from η at leading 122 order.
123
All resulting leading order equations are split into equations for the tower-scale averages, defined byφ
and perturbationsφ := φ −φ. Here,
denotes the square around the origin with side lengths of 2η 0 . The resulting leading order equations for the averages read
The derivation of (2.11) is essentially identical to the one in RUPRECHT et al. (2010) . As the present paper focusses on the modified micro-physics, the reader is referred there for details but some key-steps can be found in appendix A. The switching function in the present derivation is defined according to saturation not at leading order but at order O(ε), that is
vs .
(2.12)
Note that the large-scale equations (2.11) are essentially identical to the ones in RUPRECHT et al.
124
(2010), the difference between the two models arises due to the different effective small-scale 125 equations derived from the micro-physical model, which determine H qvw (0) on the right hand 126 side of (2.11) 3 .
127
As the following derivations deal solely with the dynamics on the tower-scale resolved by η,
128
the wave-scale related arguments x and z are omitted for the sake of a more compact notation.
129
Unless explicitly mentioned otherwise, the occurring quantities can nevertheless depend on both 130 wave-scale coordinates, too. 
Leading Order Micro-Physics Equation
132
The leading order equations emerging from the micro-physics model (2.1) split into the case with saturation not only at order O(1) but also at order O(ε) and the weak under-saturated case.
Regime I (saturation):
Regime II (weak under-saturation):
(2.14)
The derivation exploits that q
vs , q 
the leading order vertical displacement ξ (0) defined as the solution of
and the first order total water mixing ratio
denote some prescribed initial distribution of q T , combining (2.13) and (2.14) and integrating in time yields 
c is depleted, the regime switches from I to II and q
(1) v starts to decrease.
139
The equations for the perturbationsw (0) ,θ (3) obtained by subtracting (2.11) from (A10) read
utilizing that u (0) by assumption independent of η. 
Displacement in Regime II
143
In regime I where
while in regime II, that is for H qv = 0, it reads
Thus,w 
z are performed at every point. Hence
z is the maximum frequency of waves in the large scale system (2. under-saturated regions are left for future work. Note that, aside from the adopted asymptotic 153 limit, (2.24) is the only ad-hoc assumption used in the derivation.
is
Introduce the function
vs + εq It follows from (2.17) that
vs : H qv = 0,
hence q * is positive in regime I and negative in regime II. As q
vs , q
vs depend on z only, it follows from (2.19) that when employing approximation (2.24), q * is given by
Further, we have 
Closing the Model
159
Denote by A i an individual saturated spot, that is a connected set of points in the η-plane for which q * is positive in the interior and zero at the boundary. Further, denote the boundary by ∂A i , the velocity at which ∂A i is moving by v i and finally the outward pointing normal vector on ∂A i by n, see figure 4. Then the evolution equation for the level set function tracking the boundary, cf. WILLIAMS (1985); OSHER and FEDKIW (2002), reads
Using (2.29) it follows that
Note that because ∂A i is a contour line of q * and q * is positive inside A i and negative outside, n points in the opposite direction as ∇ η q * , hence
By employing (2.30) and (2.33), (2.32) becomes
The boundary ∂A i is characterized by the condition
cf. (2.29), and is thus fully determined by the displacement and the initial distribution q * ,0 . This is the important simplification obtained by introducing approximation (2.24). For given q * ,0 , define
using (2.34) and that u (0) is independent of η, hence the surface integral over u (0) · n vanishes.
Note that for a fixed value of ξ us , it is Ψ i (ξ us , τ ) = Ψ i (ξ us , 0), because the saturated spot A i as well as q * are simply advected horizontally with u (0) . The function Ψ i determines how sensitive the size of the saturated spot depends on the displacement ξ us . Steep gradients of q * lead to a weak sensitivity while small gradients result in a strong dependence of |A i | on ξ us , cf. figure 3. In the limit |∇ η q * | → ∞, the coupling vanishes and the linear model from RUPRECHT et al.
(2010) is retrieved. Note that the saturation mixing ratio decreases with height, hence q (0) vs,z < 0, so that
holds for any value of ξ us or τ as well as any initial distribution q * ,0 .
160
By integrating (2.20) over a saturated spot A i moving at velocity v i , the following balances are obtained
Note that because the spots A i are advected with u (0) , the choice of spots located in a finite square D(η 0 ) changes with time. Hence the series in (2.40) 4 is rearranged depending on τ . Assuming that it converges absolutely, however, for a given ξ us , the limit Ψ of every rearrangement is the same and thus independent of time. Because according to (2.37) all terms of the series are positive, absolute convergence immediately follows from convergence. Sum up the balances (2.39), use that H qv is the characteristic function of the union of all A i , hence
for any function f , and then apply the limit η 0 → ∞ to obtain
(2.42)
An expression for the evolution of σ can be derived from (2.34) in a similar way, employing (2.41) with f ≡ 1 to get
Finally, the constant velocityw us can be computed from w ′ via
The final model, consisting of (1.1) and (1.2), is obtained by combining (2.25), (2.42) and (2.43) 163 with (2.44). 
A.1 Nondimensional Governing Equations
196
The non-dimensional conservation laws for mass, momentum, energy (expressed as potential temperature), quoting from KLEIN and MAJDA (2006), read
where
is the source term related to evaporation and condensation, whileS ǫ θ is a given external source of energy like, for example, radiation. The latter is set to zero in the present derivation. Note that as the derivation features two horizontal coordinates, the gradient transforms like
A.2 Asymptotic Expansions
197
The vertical velocity is expanded as
while the horizontal velocity is assumed to be independent from the micro-scale coordinate at leading order and therefore expanded as
The potential temperature is expanded around a background stratification θ(z)
Finally, pressure and density are expanded as
rain water, vanishes here because saturation at leading order is assumed. The η-gradient of p 
